The loop expansion is applied to a chiral effective hadronic lagrangian; with the techniques of Infrared Regularization, it is possible to separate out the short-range contributions and to write them as local products of fields that are already present in our lagrangian. (The appropriate field variables must be re-defined at each order in loops.) The corresponding parameters implicitly include short-range effects to all orders in the interaction, so these effects need not be calculated explicitly. The remaining (long-range) contributions that must be calculated are nonlocal and resemble those in conventional nuclear-structure calculations. Nonlinear isoscalar scalar (σ) and vector (ω) meson interactions are included, which incorporate many-nucleon forces and nucleon substructure. Calculations are carried out at the two-loop level to illustrate these techniques at finite nuclear densities and to verify that the coupling parameters remain natural when fitted to the empirical properties of equilibrium nuclear matter. Contributions from the ωN tensor coupling are also discussed.
I. INTRODUCTION
EFT lagrangian and implies that we were interested only in the lowest level of accuracy. Here we are also concerned with the loop expansion only up to two-loop order (consideration of higher-loop effects is left for the future), but now nonlinear meson self-couplings and tensor terms are retained. Note that the nonlinear terms incorporate short-range many-body nuclear forces, vacuum dynamics, and the effects of nucleon substructure. The extension of the level of truncation to include these terms allows us to describe nuclear matter (and presumably nuclei) with greater accuracy.
The result of the loop expansion up to the two-loop level is the mean field energy density [7] [8] [9] plus a series of integrals. We can categorize these integrals in two groups: baryon loops and purely mesonic loops. The baryon loops are integrals at the two-loop level that contain two factors of the baryon propagator and one factor of a meson propagator. Each nucleon propagator can be separated into a Feynman and a Density part [28, 34] . This is accomplished by incorporating the proper pole structure of the propagator. The Feynman part describes the propagation of a baryon or an antibaryon; the Density part involves only on-shell propagation in the Fermi sea and accounts for the exclusion principle.
As before [31] , the two-loop baryon integrals can each be separated into three distinct parts: the exchange, Lamb-shift, and vacuum-fluctuation contributions. The exchange term has two factors of the Density portion of the nucleon propagator. The Lamb-shift term contains both Feynman and Density parts of the nucleon propagator. The vacuumfluctuation term contains two factors of the Feynman propagator. The Lamb-shift and vacuum-fluctuation parts are short-range physics, and it was shown in the simple case of [31] that they can be expressed as a sum of terms that are already present in the EFT lagrangian. This is an effective theory, so the coefficients of these terms are not yet determined; thus, the two-loop terms are just absorbed into terms already present in the lagrangian and are not to be calculated explicitly [31] . As a result, only the exchange portion of the two-loop integrals must be calculated explicitly.
In addition, a number of purely mesonic loops arise when nonlinear meson field selfinteractions are included. These terms, however, can be expressed as a power series in the meson fields with undetermined coefficients. As before, these terms are just absorbed into the lagrangian parameters and should not be calculated explicitly.
It is interesting to note that the natural separation of the length scales in QHD and the parametrization of the short-distance dynamics is similar to Infrared Regularization [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . In Infrared Regularization, loop integrals are separated into infrared regular and singular contributions (corresponding to short-and long-range physics). The regular portion is expanded as a power series in the momentum and is absorbed into the unknown coefficients of the underlying lagrangian; the singular part must be calculated explicitly. This is directly analogous to what was done for the loop expansion in QHD [31] .
One question that remains unanswered is how the addition of these many-body correlations to the energy density affects the naturalness assumption, which states that once all the dimensional and combinatorial factors in a given term are accounted for, what remains is a dimensionless coefficient of order unity [7, 8, [17] [18] [19] [20] . Once one decides on a level of truncation in the underlying lagrangian, the now finite number of unknown constants can be parametrized by the data. Thus, one purpose of this work is to prove that sets of parameters exist at different levels of truncation in the two-loop energy density in which the parameters are all natural and thereby show that the naturalness assumption holds. For the purposes of this work, we will consider only uniform, symmetric nuclear matter, as in [31] . Here, however, we also include nonlinear meson self-interactions and tensor terms. These additional terms not only increase the number of two-loop integrals, but also complicate the meson propagators, due to the short-range and many-body physics mentioned earlier.
The loop expansion is carried out to the two-loop level, and the resulting two-loop integrals are separated into long-range and short-range physics. The short-range contributions are expressed in forms that already appear in the lagrangian. Since the coefficients of these terms have yet to be determined, they are just redefined, thus incorporating these new contributions into the mean field energy (as in [31] ). As a result, they are already present in the one-loop QHD calculation. The long-range physics must be calculated explicitly. In this work, we fit the two-loop energy to empirical properties of nuclear matter. Then we compare parameter sets constructed at the two-loop level with those of previous works obtained at the mean field level and consider the naturalness of the parameters.
II. THEORY A. Isoscalar Meson Self-Interactions and Mixing
In this section, we investigate the effects of nonlinear meson self-interactions (including isoscalar meson mixing) on the loop expansion. Here we will keep terms up to order ν = 4 in the isoscalar meson sector of the QHD lagrangian [7, 8] (i.e., κ 3 , κ 4 , η 1 , η 2 , and ζ 0 = 0), and let α 1 = α 2 = 0. Since we will calibrate the parameters using nuclear matter properties only (and not finite nuclei), we want to keep the number of parameters at a manageable level. Therefore, the baryon and pion parts of the lagrangian are unchanged from [31] (except for the addition of the two-pion-nucleon vertex):
which follows from the chirally invariant lagrangian in [7] by retaining only the relevant (lowest-order) terms in the pion fields. 1 The neutral scalar and vector meson lagrangian is now
where
π a ·τ a . Here ψ are the fermion fields and φ, V µ , and π a are the meson fields (isoscalar-scalar, isoscalar-vector, and isovector-pseudoscalar, respectively). The heavy meson fields are also chiral scalars. Note that in this work, the conventions of [10] are used. As in [31] , we are not making a chiral expansion in powers of the pion mass and include it for kinematical purposes only.
The generating functional is defined in the usual way by
where N is the normalization factor (in effect, the vacuum subtraction, which is also an expansion in loops), j(x) and J µ (x) are the external sources corresponding to the meson fields φ and V µ , respectively, and the connected generating functional is W [j, J µ ]. The path integrals of interest here are those over the isoscalar quantum fluctuation fields σ andη µ (the others are discussed in [31] ). With η 1 , η 2 = 0, the integral is bilinear in form, or
where the meson propagators in momentum space are
To simplify the equations, we introduce a five-component notation for the meson fields and their corresponding auxiliary sources [48] :
where s α and t α have α = 0, 1, . . . , 4. We can then rewrite the path integral as
where the matrix A −1 is
and
If η 1 = η 2 = 0, then A −1 is diagonal, there is no mixing, and the system reduces to the non-mixing case, a simple example of which was discussed in [31] . Now we want to solve for the components of A(k) using A(k)A −1 (k) = 1:
This leads to the following four equations:
Solving these, we get (
The corresponding path integral in the vacuum subtraction has a similar structure, except with vanishing classical meson fields; therefore, A is replaced by A 0 , or
where ∆ 0 S and D 0 µν are the free propagators for the scalar and neutral vector mesons, respectively:
The pion self-couplings do not contribute to the energy density if there is no pion condensate. Therefore, we simply ignore the pure pion terms in the following calculation. The remaining generating functional is
Here ζ α is the pion source and ξ is the nucleon source. We define the contribution at the mean field level as
and the pion and fermion propagators are given by
It is straightforward to acquire the connected generating functional at the one-loop order
and therefore
The baryon term is identical to the simple case in [31] . To treat the isoscalar terms, we first consider the identity
since it is easy to acquire the determinants:
where M 2 S and M 2 V are defined by Eqs. (21) and (22), and V 0 µ
is an analytic function of φ e and V e , and
Therefore, the meson contribution to the effective action can be categorized by the general form
where the prime indicates that i + j > 0. However, terms of this type already appear in the general QHD lagrangian; since the coefficients of these terms have yet to be determined, these meson contributions can be absorbed into the preexisting terms. As a result, they don't need to be separately considered. Now we want to determine the connected generating functional at the two-loop level, W 2 . For this, we have to make a Legendre transformation to get the effective action. The classical meson fields are approximated as [31] 
One can verify that the tadpole diagrams in W 2 eventually cancel, and so we are left with only the one-particle irreducible diagrams:
where VEV is the vacuum subtraction. Notice that there are now four distinct fermion loops at the two-loop level. These reduce to the familiar three loops from the non-mixing case when η 1 = η 2 = 0. With dimensional regularization, we can shift momentum variables to remove the dependence on the vector field from the fermion propagators and thereby replace G H (k) by G * (k), where
Here M * = M − g S φ 0 . We can then separate each of the fermion loops [using G
into three contributions: an exchange term, a Lamb-shift term, and a vacuum-fluctuation term. The exchange terms will be evaluated explicitly later. For now, let us consider the Lamb-shift term for the fermion loop involving scalar-vector mixing:
k F is the Fermi momentum, and E * (q) ≡ (q 2 + M * 2 ) 1/2 . We have made the substitution p µ = (k − q) µ , which is allowed if we keep q fixed in the k integral. The function F comes from the fractional integrand and is an analytic function of the variables p 2 , q 2 , V 2 , and M * . The function F comes from the integral over p and is analytic in the variables M * , V 2 , and q · V , since p µ is always spacelike. The on-shell condition q 4 = E * (q) is used to eliminate the dependence on q 2 in the last line. Remember that V 0 µ = iV 0 δ µ4 . Thus, after integrating over q 4 , the remaining expression is an analytic function of E * (q). The final result will be complicated, but should be explicitly dependent on some types of baryon densities. These terms can be directly related to terms in the effective lagrangian that are some combination of the nucleon fields (with some derivatives) multiplied by some Lorentz-invariant polynomials in the mean meson fields; as a result, they can be parametrized by local terms in the effective lagrangian. A simple case was illustrated in [31] .
The term with the pion propagator is the same as in the non-mixing case. The fermion loops with A 00 and A µν will, in the case of η 1 = η 2 = 0, reduce to the equivalent loops with the pure neutral scalar and vector mesons from the non-mixing case. We expect that they will behave similarly in both the mixing and non-mixing cases, with the former simply leading to more general local combinations of the fields. Thus the Lamb-shift terms can be parametrized by terms already present in the lagrangian (before truncation).
The vacuum-fluctuation terms and all the pure meson loops have no explicit density dependence, so all the conclusions of the previous analysis [31] are still applicable here. The short-range physics which is contained in the Lamb-shift and vacuum-fluctuation terms is absorbed in preexisting terms in the QHD lagrangian. The long-range physics arising from the exchange term must be explicitly calculated; these integrals are considered in the following section.
B. Two-loop Integral Formulas
We first consider the integral with the propagator from Eq. (16) . Therefore, one can write
Now we consider the integral with the propagator from Eq. (19); as a result, we get
Lastly, we consider the integral with the mixed propagator from Eq. (17), which becomes
The formula for the pion contribution to the two-loop energy density is the same as in [31] .
III. DISCUSSION
In the previous section, we showed that the short-and long-range dynamics of the twoloop contributions can be separated even in the presence of various nonlinearities in the isoscalar meson fields. The short-range physics can be expressed as a series of terms that are already present in the underlying lagrangian; thus, they are implicitly contained in the undetermined coefficients. The long-range exchange contributions must be calculated explicitly. The question remains what effect these new contributions have on the naturalness assumption.
Naturalness [7, 8, [17] [18] [19] [20] states that once all the dimensional and combinatorial factors in a given term of the lagrangian are removed, what is left is a dimensionless constant of order unity. To show that naturalness is not violated by the inclusion of the two-loop exchange integrals, we will show that sets of natural parameters exist that adequately reproduce the empirical properties of symmetric nuclear matter at equilibrium [13] .
We conduct parameter fits at different levels of truncation in the underlying lagrangian, as in [7] , but here we include the two-loop exchange contributions. Note that the twoloop portion of the energy density contains no new parameters. In this work, we fit the parameters to bulk properties of nuclear matter: E/ρ B − M = −16.10 MeV, k F = 1.30 fm −1 , M * /M = 0.610, and compressibility K = 250 ± 50 MeV. A least-squares fit was conducted to these four pieces of data with respective weights of 0.0015, 0.002, 0.0015, and 0.08. The fitting was performed using the downhill simplex method, with nuclear equilibrium maintained throughout the procedure. Table I lists the results of this fitting for a number of different levels of truncation in the lagrangian (M1A, M2A, M3A, and M4A)-defined below-along with some corresponding parameter sets determined at the one-loop level with the same truncation (Q2 and C1 [7] ) for comparison. We hold the meson masses fixed in the new sets (m S /M = 0.5400 and m V /M = 0.8328), since there are only four empirical input data; they accurately reproduce the reduced meson mass in [49] . We let M = 939 MeV.
• The mean field lagrangian for the M1A (and Q2) set includes cubic and quartic scalar field self-couplings, as well as the quartic vector field self-coupling. In this case there is no mixing in the meson propagators (η = 0); as a result, there are only three two-loop exchange integrals (A 0µ drops out).
• The M2A (and C1) set includes a cubic scalar field self-coupling in addition to the third-order mixing term. This case contains mixing in the meson propagators through the inclusion of the η 1 term; therefore, there are four exchange integrals to calculate.
• Two other mixing sets were constructed (M3A and M4A); however, no comparable mean field set exists in the literature. These sets have the same terms as M1A plus η 1 = 0 and η 1 , η 2 = 0, respectively. Both sets give rise to four two-loop integrals as in the M2A case.
In the set M1A, the value of ζ 0 was allowed to vary; however, ζ 0 places a strong constraint on the compressibility K. One must also ensure that the vector field equation still has an appropriate solution at high density. Confining ζ 0 to positive values is sufficient to reproduce the correct high-density behavior. One can see from Table I that parameter sets exist at the two-loop level in which all the parameters are natural. In all cases the properties of nuclear matter were reproduced accurately while maintaining naturalness. The bulk nuclear properties for the various sets are shown in The size of the various two-loop integrals is shown in Table III . We also show the size of these integrals when the constants are taken from the Q2 and C1 sets. Note that there is some cancellation between the scalar and vector contributions.
Next, we compare the magnitude of the two-loop integrals to the mean-field terms. In Fig. 1 , the mean field terms for the Q2 and M1A sets are plotted order by order in the power counting, with the two-loop integrals calculated using M1A. The crosses in Fig. 1 represent the expected magnitude per order of terms in the meson sector using the rules of naive dimensional analysis (NDA) [7] , with the chiral symmetry breaking scale of Λ = 650 MeV. Fig. 4 compares the saturation curve of M1A at the two-loop level with the saturation curve of Q2 at the one-loop level and the two-loop binding curve of Q2. Apparently, the net effect of the exchange terms is repulsive.
In Fig. 2 , the mean field terms for the C1 and M2A sets are plotted order by order in the power counting, with the two-loop integrals calculated using M2A. A comparison of the saturation curve of M2A at the two-loop level with the saturation curve of C1 at the one-loop level and the two-loop binding curve of C1 is shown in Fig. 5 .
Lastly, the terms (mean field and two-loop) for both M3A and M4A are plotted in Fig.  3 . Fig. 6 is a graph of the saturation curves for both M3A and M4A at the two-loop level.
One can see from Figs. 1, 2, and 3 that the magnitudes of the mean field terms are consistent with the NDA estimates to within a factor of two, which supports the naturalness of the coupling parameters.
2 Moreover, the magnitude of the two-loop terms is shown The inverted triangles represent, from top to bottom, the scalar, vector, and pion two-loop integrals. The abscissa denotes the order ν in the power counting at the mean field level [7] .
to be roughly equal to the third order (ν = 3) in the power counting in the mean field energy. While this is not large, they cannot be neglected in a description of nuclear matter properties, particularly in view of the nearly complete cancellation of scalar and vector terms at order ν = 2. Nevertheless, when the parameters are properly renormalized to reproduce empirical equilibrium properties, exchange corrections modify the energy only slightly, and the two-loop binding curves for nuclear matter are similar to the one-loop results.
Exchange interactions are two-body, so they go like O(ρ 2 ) in E. This is the same dependence as the two-body mean field terms at O(ν = 2). Because of the lack of a spin-isospin sum in the exchange terms, the exchange terms are numerically smaller and contribute at the same level as the O(ν = 3) terms. A deeper understanding of how loops fit into the finite-density power counting scheme will require a look at higher-order terms in the loop expansion, which is currently under investigation [50] .
Exchange contributions from the the vector meson two-loop diagrams with tensor couplings at one or both vertices were also considered. The analytic expressions for these integrals are given in the Appendix, and the numerical results are shown in Table IV . The vector-tensor cross terms (XT) are roughly equal to fourth order (ν = 4) in the power counting, and the tensor-tensor terms (TT) are negligible. This is not surprising considering that the tensor coupling on a vertex introduces an additional factor of ∇/M ≈ 1/4 (see [7] for a description of the power counting). A value of f V = 0.5 was used here, which is comparable to values obtained from fits to properties of finite nuclei [7] . The tensor terms are small enough that their effect on the naturalness of the parameters is negligible.
In conclusion, we have shown that the results of [31] are still valid when various nonlinearities in the isoscalar meson fields are included in the lagrangian. The short-and long-range physics at the two-loop level in the loop expansion can be separated. The short-range (local) dynamics is parametrized by the undetermined coefficients of the lagrangian, like those in Comparison of the magnitudes of the mean field terms in the meson sector with the twoloop exchange integrals. The inverted triangles represent, from top to bottom, the scalar, vector, pion, and mixed two-loop integrals. The abscissa denotes the order ν in the power counting at the mean field level [7] . Q2 [7] M1A C1 [7] M2A E the nonlinear meson self-interactions, and is either removed by field redefinitions or fitted to empirical data. The long-range (nonlocal) physics must be calculated explicitly. The assumption of naturalness is shown to hold in the presence of the two-loop exchange integrals. The size of the two-loop contributions is roughly equal to third order in the mean field power counting. The inclusion of tensor contributions was also considered and found to be small. 
APPENDIX A: TENSOR PORTION OF TWO-LOOP CALCULATION
In this section, we present the corrections to the theory arising from the tensor coupling to the neutral vector meson at the two-loop level, where
